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The maximum genus, y&G), of a connected graph G is the largest genus r(S) 
for orientable surfaces S in which G has a Zcell embedding. In this paper, we 
define a new combinatorial invariant t(G), the Betti deficiency of G, to be C(G) = 
rninc‘c {t(C) I t(C) = number of odd components of a cotree 4: of G (by odd 
component we mean one with an odd number of edges). We formalize a ne-w 
embedding technique to obtain the formula: 
myIM(G) = &.W) - t(G)> 
where /3(G) denotes the Betti number of 6. 
In a further paper, various consequences will be given. 
Given a connected graph G and a surface S, we say, with Ringel is], that 
G can be embedded into S if there exists a polyhedron P on S such that the 
has a subgraph homeom.orpbic to G. In the following, we 
shah often write G for its topological realization on S. 
The components of S - G are called the faces of the embedding hen each 
face is homeomorphic to an open disk, the embedding is calle -cellulaK. 
k;‘sing results of Youngs [IS] and Duke [2], one can associate with each 
connected graph G two non negative integers, y( (the genus of G) and 
yM(G) (the maximum genus of G>, such that G h Zcelluular embedding 
into an orientable surface S of genus y if and only if y(G) < y < Y&~(G). 
The purpose of this paper is to study yM(G) which is, surprisingly, 
merely a combinatorial invariant of G, as we shall show. The outline of the 
paper is as follows: First, we describe a new embe ing technique to obtain 
by extension and reduction, various upper-embe ble graphs. Using this 
technique, we are able to give characterization theorems for upper-embed- 
dable graphs, answering thus conjectures of [7] and [9]. 
Bt follows immediately a formula from which the maximum genus can be 
computed exactly. 
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In the second part [5], we shall prove, as a consequence of this latter result, 
that almost all known (and unknown) results in [6], [7], [S] can be obtained 
in a very simple manner. Finally, we treat some interesting new results, 
although consequences of the main theorem seem to be various. 
II. DEFINITIONS AND NOTATIONS 
II.1 - Classical graph theory terminology may be found in [l]. 
II.2 - In what follows, all graphs considered will be finite, connected, 
non oriented, with allowed loops and multiple edges. We often denote the 
vertices of a graph G by minuscules x, y, z ,..., while majuscules A, B, C ,..., 
represent the edges of G. 
II.3 - The Betti number /3(G) of G = (X, E) is defined by 
II.4 - Suppose that for each edge, an orientation is given and indicated 
by an arrow: It is then customary to represent an edge A by an unordered 
pair (01, a’), where 01 and 0~’ are called conjugate arcs of A. 
A rotation [9] of a vertex x is an oriented cyclic order of all arcs issuing 
from x. A rotation u of G is a rotation for each vertex of G. The pair (G, cr),. 
called R-graph, means a graph with a certain rotation (T. 
II.5 - In a Euclidean oriented plane, consider a convex polygone with an 
even number of sides. Label these sides by elements of a set denoted by 2E. 
Suppose the sides have been paired arbitrarily (such a correspondance is 
called an involution rr: 01 t) a’ of 2E) such that two corresponding sides are 
oppositely sensed on the boundary. In this way, the polygon can be specified 
by a cyclic permutation p of 2E. 
Let us call the triple C = (2E, ST, p) an orientable bi-eulerian circuit 
(briefly O.B.E.C.; C is a particular “constellation” of [3]). With each C one 
can associate: 
(i) an orientable surface S, [9] 
(ii) a R-graph (Gc , a) defined by: a = pn- 
X(Gc) c! g N the set of orbits of a 
v 
E(Gc) N_ $ c( the set of orbits of 7r. 
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FIGURE 1 
ne readily verifies that 
- GC is isomorphic to G 
- C can be considered as a particular euleurian circuit for 6 ~Qbta~~~ 
from G by replacing each by two opposite arcs) 
- SC is the torus. 
13.6 - hn closing, let G be a graph and C be an EC. We say that C is 
associated with G if GC is isomorphic to G. In this way, we shall 1 
vertices of the convex polygon by those of G, so that 67 can be speci 
cyclic sequences of the form xq$z **a 
FIGLJRE 2 
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III. CHARACTERIZATION THEOREMS 
III. 1 - Upper-embeddable graphs [5] 
Euler’s formula yields: 
Y,@) G [q] 
Call G upper-embeddable (briefly u.e.) if equality holds. Equivalently,’ G is 
u.e. if and only if there exists an orientable surface upon which it has an 
embedding with one or two faces according as /3(G) is even or odd, respectively. 
We can state the following: 
PROPOSITION 1. A graph G = (X, E) is upper embeddable ifan only if there 
exists an O.B.E.C. C such that G, is isomorphic to G or G - {A) (A E E) 
according as ,6 (G) is even or odd, respectively. 
The proof is obvious. The “if” part results from the definitions of poly- 
hedron and its l-skeleton. The “only if” part is a particular illustration of the 
Heffter-Edmonds permutation technique [9]. 
III.2 - Generations of upper-embeddabb graphs. In this section G always 
denotes an u.e. graph whose Betti number is evepz. Our aim is to construct, 
from G, u.e. graphs with more (or fewer) edges than G. For this purpose, we 
need a new definition. 
111.2.1. DEFINITION. Two unordered pairs of sides (01, fi) and (y, 8) are 
said to interlock on an O.B.E.C. when they occur in the cyclic order 01 me* y *.* 
p **. 6 on C. We define in a similar manner interlocking pairs of vertices 
(with possible coincidences) of C. 
,111.2.2. LEMMA 1. Let (x, y), (z, t) be two interlocking pairs of vertices on 
an O.B.E.C. C associated with G. Then G* = G u (A} u {B}, where A and B 
are two new edges incident with (x, y)(z, t) respectively, admits an O.B.E.C. 
ProoJ: See Fig. 3. 
FIGURE 3 
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ne readily verifies that c” = ~C&tC~xo~yC&‘.zC~yol’ agrees. 
Remark. In many applications of the preceding lemma: it happens t 
x coincides with 2. 
III.2.3. LEMMA 2. Let G = (X, E) be an u.e. graph. l?e$rze c’ = G 
(x0 , yi) where yi E X, to be G to which is attached a new vertex x0 of degree 
3. Then G’ is u.e. 
Proof. By Prop. 1, G admits an Q.B.E.C. C. Suppose that y1 ) yz , 2:i, 
(with possible coincidences) occur in that order on C One readily verifies that 
C: = xo~yJ,e~y2plx,yy,6,y,ol’x,py,Czy3yl is an 0. .E.C. associated wi 
FIGURE 4 
111.24. b3m4A 3. Let G = (X, E) be an u.e. graph other than a dree 
(i.e. /3(G) = 2k > 0). Then th ere exists two adjacent edges A and 
such that G’ = G - (A u I?> remains u.e. 
Proof We shall prove, in fact, a more stronger result. Indeed, without 
loss of generality, one assumes that G has no pendant vertex. Let C be an 
.B.E.C associated with G. Certainly, there exists on C a closest pair of 
conjugate sides, say LX and OL’, such that on one of the 2 parts of C delimited 
by a and a’, say C, , all sides have their conjugate lying on the other part, 
say C2 . Ctearly, C1 is non empty, because, G has no pendant vertex. There- 
fore, the successor of CX, say /3, on C1 has its conjugate p’ on 
The below transformation schema yields an admissible O.B.E.C. for 6’. 
Y 
C, --V 
0 
B’ 2---W 
Y x 
7. % 
FIGURE 5 
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Remarks. 1. We have just proved the following statement: If G (with 
/3(G) = 2(k + 1) > 0) is u.e., then there is an embedding of G into an 
orientable surface of genus k for which some vertex (X in the previous proof) 
appears in the boundary of 3 faces. 
2. Conversely, if such a vertex exists on an orientable surface of genus 
k, lemma 1 implies that G can be embedded into a surface of genus k + 1 = 
@u3/~>~ 
THEOREM 1. Let G be a graph with even Betti number P(G) = 2(k + 1) > 
0. Then G is u.e. if and only if there exists an embedding of G into an orientable 
surface of germs k for which some vertex appears in the boundary of 3 faces: 
We are not interested in this theorem, because it provides few informations. 
The main result of [2] constitutes a somewhat particular case of theorem 1. 
Before attempting to prove characterization theorems, we need a new: 
III.2.5. DEFINITION. Let H = (Y, F) be a subgraph of G = (X, E). 
Denote by Pi = (Xi, EJ i = 1, 2,... the maximal connected components of 
G - H. Then Pz is said to be even (odd) if 
is even (odd). 
When His a spanning tree, its complement C = G - His called a cotree. 
In this case: 
XV,> = I Ei 1. 
We are able now to state the following: 
111.2.6. THEOREM 2. A connected graph with even (odd) Betti number 
is u.e. if and only if it contains a cotree all (all but one) of whose componetits 
are even. 
Proof. Clearly, we want to prove the theorem for the “even” case only. 
a. S’uficient condition. Let Pi be a component of C = G - T. 
Obviously, T is u.e. Therefore if x(P,) = 2, the statement holds, by lemma 1. 
otherwise x(PJ = 2k > 2, then the connectedness of Pi ensures the existence 
of two adjacent edges A and B of Pi such that Pi - (A u B} remains con- 
nected. By Lemma 1, the graph T, = T u {A} u (B} is u.e. Thus, by induc- 
tion on the number of edges of Pi , the graph T u Pi is u.e. Finally, induction 
on the number of component of C yields the sufficient condition. 
b. Necessary condition. Let 2k > 0 be the Betti number of G. We 
proceed by induction on k. When k = 0 (i.e. G is a tree) the result is imme- 
diate. Assume p(G) = 2(k + 1) > 0. Then by Lemma 3, there exists two 
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edges A and B of such that e = G - (A w B) remains u.e. vious- 
2k. Thus, by inductive hypothesis, G contains a cotree au of 
ponents are even, Adjacency of A an ures required proper- 
ties for C = C w A u B, which is clearly a cotr 
I11.2.7. Remark. In fact, lemmas 1,2 and 3 enable us to prove a strength- 
ened version of theorem 1. Indeed, 
~~~0~~ 3. A connected graph G with everz (odd) tti number is ze.e. 
if and only if there exists a connected spanning s~bgra~~ of 4; such that: 
(i) p(H) is even 
(ii) is u.e. 
(iii) Every (every but one) component of G- 
But this version suggests few practical informations, we thus omit his 
proof. 
IV. DETERMINATION OF THE MAXIMUM GENUS 
IV.l. DEFINITION. With each cotree C of G we associate an integer: 
f(C), the number of its odd components. We define f(G), the 
of G, to be 
tXG> = M$ L%‘(C) 
IV.2. THEOREM 3. Let G be a connected graph. Then the ~x~rnurn genus 
of G is given by the formula 
Proof. (a) Denote by @m the number of faces of an embedding of G 
’ to an orientable surface S of genus yM(G)- By Euler’s formula, the result 
Ids if: 
@m = 1 + HG> 
(b) Let G be a spanning subgraph of G. Suppose e is ue. with one 
face. One can verify that: 
Grn < 1 + e(G - 6) 
where e(G - e) denotes the number of edges of G - G. 
(c) Choose a maximal tree T such that the cotree C = G - T admits 
f(G) odd components. Remove from every component Px of C an edge Ai I 
so that the rest remains connected (or empty). efine G = G - (A,w A, ‘*. 
v A&. Theorem 2 and b) yield: 
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(d) Let G be 2-cell embedded into S. Consider a plane representation 
[9] of the polyhedron arising from the cellular decomposition of 5’ by G. 
FIGURE 6 
Clearly e = G - (A, u A, .*. u AGMPl) is u.e. into S. Thus by theorem 2, 
G contains a cotree e all of whose components are even. 
Examine the odd components of the cotree C = c u (A, u A, *** u FI@*~-~). 
Clearly : 
f(C) < @, - 1 
(in fact, equality holds). Thus: 
i.e. 
(e) The formula is proved. 
Note added in proof. Themaximum non-orientable genus, y&G), of a connected graph 
G is the largest non-orientable genus r(S) for non-orientable surfaces S in which G has a 
2- cell embedding (recall that the Euler-characteristic of a non-orientable surface S is 
defined to be x(S) = 2 - g(S)). 
The result, 
%dG) = W), 
will be published soon. 
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